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Abstract
We have investigated the attractor structure for the CMB fluctuations in composite inflation scenario within the gauged Nambu-
Jona-Lasinio (NJL) model. Such composite inflation represents an attractor which can not be found in a fundamental scalar model.
As is known, the number of inflationary models contains the attractor classified by the α-attractor model. It is found that the
attractor inflation in the gauged NJL model corresponds to the α = 2 case.
1 Introduction
The early-time inflationary expansion can successfully solve number of cosmological problems. Some evidence of
the inflation can be found in the thermal fluctuations of the Cosmic Microwave Background (CMB). The fluctuations
have been precisely observed by the Planck Satellite and parameterized by the curvature perturbation,As, the spectral
index ns, the tensor-to-scalar ratio, r and the running of the spectral index, αs. Many works have been done to
construct the particle physics models which satisfy the constraints of the observed fluctuations [1,2]. One of models
to predict consistent results of CMB fluctuations is the gauged NJL model [3]. It should be noted that there is a
possibility to construct a consistent model in a modified gravity, for example, R2 inflation [4] or even its unification
with the dark epoch within the modified gravity [5].
It has been found that the estimated CMB fluctuations are attracted to a stable fixed point at a suitable limit in the
broad class of the slow-roll inflationmodels, including theR2 inflation. The various classes of the inflationary models
are classified by the attractor. There are two types of the well-known models, the ξ-attractor model with the non-
minimal curvature coupling ξ [6,7] and the α-attractor model which is motivated by supergravity and superconformal
theory [8]. TheHiggs inflation belongs to the class of the ξ-attractor model where the non-minimal curvature coupling
ξ parameterizes the model. The α-attractor model is characterized by the parameter α in the Kähler potential. The
potential of the ξ-attractor model can be parametrized by α ≡ 1 + 1/(6ξ) due to the special choice of the kinetic
term in the Jordan frame [9]. In the Einstein frame it is found to be
V = V0(1− e−
√
2/(3α)φ)2m, (1)
where φ is an inflaton field and α,m denote parameters of the model. The potential of the α-attractor model is given
by
V = V0 tanh
2m(φ/
√
6α). (2)
Both classes of models are called α-attractor models. In the α-attractor models the CMB fluctuations are obtained at
the leading order of the 1/N expantion,
ns − 1 ∼ − 2
N
, r ∼ 12α
N2
, αs ∼ − 2
N2
, (3)
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for 0 < α < O(1), where N denotes the e-folding number, which requires N ∼ 50 − 60 to solve the horizon and
the flatness problems. Various α-attractor models are also investigated (see Ref. [10] for α = 1/3, Ref. [11, 12] for
α = 1/9 and Ref. [13] for the inverse symmetry attractor models). Since a large ξ which may not always being
consistent with GUTs predictions for ξ [14] is necessary to obtain a consistent tensor-to-scalar ratio in the Higgs
inflation, the model corresponds to the α-attractor model with α = 1 at the large ξ limit. For α = 1 equal values of
the CMB fluctuations are predicted with the R2 inflation [6]. Ordinary φ2m chaotic inflation is also obtained at the
large-α limit of the α-attractor model [10, 15].
Composite models of the particle physics have been also investigated as a source of the energy density at the early
Universe (see, for review [16], for NJL model [3,17]). The composite model is realized by the condensation of a pair
of particles, in which some interactions become very strong like a hadron phase in QCD. A simple model to induce the
fermion pair condensation is proposed by Nambu and Jona-Lasinio [18], and one describes scalar and pseudo-scalar
type light mesons as a low-energy effective theory of QCD. The gauged NJL model, the NJL model with QED gauge
interaction, has been introduced to deal with QCD low-energy phenonema with QED gauge interaction [19–24]. The
model has been extended to the curved space-time in Refs. [25]. In our previous papers [3] the gauged NJL model is
proposed as an alternative scenario of Higgs inflation and we call the model the gauged NJL inflation.
The main purpose of this letter is to find the attractor behavior of the CMB fluctuations in the gauged NJL inflation
and classify it in terms of the α-attractor model. This paper is organized as follows. In Sect. 2 we briefly discuss
the gauged NJL model as applied to the inflation. This model is described by the gauge-Higgs-Yukawa theory with
a matching condition at the compositeness scale. We apply the slow-roll scenario of the inflation and evaluate CMB
fluctuations. In Sect. 3 we derive the attractor of the CMB fluctuations analytically and confirm the attractor behavior
by the numerical calculation. Concluding remarks are given in Sect. 4.
2 Gauged NJL inflation
The gauged NJL model is considered as an effective theory of a strongly coupled QCD like interaction with an
additional SU(Nc) gauge interaction. We assume that the QCD like interaction is strong enough to describe it by
four-fermion interactions at inflation era. Then we start from the Lagrangian with Nf flavors of massless fermions,
LgNJL =Lgauge + ψ¯i /ˆDψ + 16pi
2g4
8NfNcΛ2
[(
ψ¯ψ
)2
+
(
ψ¯iγ5τ
aψ
)2]
, (4)
where Lgauge represents the pure gauge sector of SU(Nc) gauge symmetry, Dˆµ denotes the covariant derivative and
τa are the generators of the flavor symmetry. The four-fermion coupling is described by the dimensionless parameter,
g4 with the number of fermion flavors,Nf , the degree of the gauge group,Nc, and the compositeness scale, Λ. Below
we employ the 1/Nc expansion and take only the leading order terms for simplicity. Note that the perturbative region
is given by αg ≡ g2Nc/(4pi) 1 with the SU(Nc) gauge coupling, g.
The Lagrangian (4) rewritten by the auxiliary field method can be matched with the renormalization group (RG)
improved gauge-Higgs-Yukawa theory at the compositeness condition [26, 27]. Hence, the RG improved effective
action of the gauge-Higgs-Yukawa theory is considered as the low energy effective model of the gauged NJL model
below the compositeness scale. Here we assume that the composite scalar field, σ ∼ −4pi2g4ψ¯ψ/(NfNcΛ2), dom-
inates the energy density of the universe at the inflation era and neglect the other fields. Then the RG improved
effective action in curved space-time is given by [3]
SJ =
∫
d4x
√−g
[
−Ω
2
2
R+
1
2
gµν∂µσ∂νσ − U
]
, (5)
with a function, Ω2, given by
Ω2 = 1 + ζ1µ
2−2nσ2n − ζ2σ2, (6)
and the potential U ,
U = λ1µ
2σ2 + λ2µ
4−4nσ4n − λ3σ4, (7)
where µ denotes the renormalization scale and we define
n ≡ 1
1 + 3αg(N2c − 1)/(4piNc)
< 1. (8)
2
From the compositeness condition the coefficients λ1, λ2, λ3, ζ1 and ζ2 are given by
λ1 =
1− n
nG4r
[
1
1− (µ2/Λ2) 1−nn
]
, (9)
λ2 =
3− 2n
4n
(
NfNc
8pi2
n
1− n
)1−2n [
1
1− (µ2/Λ2) 1−nn
]2n
, (10)
λ3 =
2pi2
NfNc
1− n
n
[
(µ2/Λ2)
1−n
n
1− (µ2/Λ2) 1−nn
]2
, (11)
ζ1 =
1
6n
(
NfNc
8pi2
n
1− n
)1−n [
1
1− (µ2/Λ2) 1−nn
]n
, (12)
ζ2 =
1
6
[
(µ2/Λ2)
1−n
n
1− (µ2/Λ2) 1−nn
]
, (13)
where G4r is the renormalized four-fermion coupling
1
G4r
≡
[
1
g4(Λ)
− n
2n− 1
](
µ2
Λ2
) 1−2n
n
. (14)
In order to avoid an instability of the potential we consider that the compositeness scale is large enough and eliminate
the last term in (6) and (7) during the inflation [3].
Since it is more convenient to calculate the CMB fluctuations in the Einstein frame, we perform the Weyl trans-
formation, gµν → g˜µν = Ω2(x)gµν , and rewrite the action as
SE =
∫
d4x
√
−g˜
[
−1
2
R˜+
1
2
g˜µν∂µφ∂νφ− U
Ω4
]
, (15)
where we redefine the scalar field σ to satisfy
dφ
dσ
=
√
1
Ω2
+
3
2
1
Ω4
(
dΩ2
dσ
)2
. (16)
in order to keep the canonical form of the kinetic term. Below we evaluate the CMB fluctuations starting from the
potential V ≡ U/Ω4 in the Einstein frame with the relationship (16).
In the slow-roll inflation scenario CMB fluctuations are evaluated by the slow-roll parameters,
ε ≡ 1
2
(
1
V
∂V
∂φ
)2
, η ≡ 1
V
∂2V
∂φ2
, ξ ≡ 1
V 2
∂V
∂φ
∂3V
∂φ3
. (17)
The field configurations φend, σend at the end of the inflation are determined when one of the slow-roll parameters
is equal to unity. As it was discussed in [28], the slow-roll era can end at higher order in terms of the slow-roll
expansion, and thus the exit from inflation can occur. It should be noted that the slow-roll parameter ε firstly reaches
order unity in the present model. The field configurations φN , σN at the horizon crossing are found to generate an
enough e-folding number, N ≡
∫ φN
φend
V
∂V/∂φ
dφ ∼ 50 − 60. Then we calculate the spectral index, ns, the running
of the spectral index, αs, for the scalar type fluctuation and the tensor-to-scalar ratio, r, by
ns − 1 = 2η|σ=σN − 6ε|σ=σN , (18)
αs = −24ε2|σ=σN + 16εη|σ=σN − 2ξ|σ=σN , (19)
r = 16ε|σ=σN . (20)
We numerically calculate these parameters and discuss the explicit expressions for the attractor.
3
3 Attractor solutions in CMB fluctuations
The CMB fluctuations of the gauged NJL model have been analytically and numerically evaluated in Ref. [3]. The
explicit expressions for the spectral index, ns, the running of the spectral index, αs, and the tensor-to-scalar ratio, r
have been found for a large e-folding numberN  1 at a few limits. It has been concluded that the CMB fluctuations
coincide with the result in the φ2 chaotic inflation
ns − 1 = − 4
2N + 1
∼ − 2
N
, (21)
r =
16
2N + 1
∼ 8
N
− 4
N2
, (22)
αs = − 8
(2N + 1)2
∼ − 2
N2
, (23)
at the flat limit 3(dΩ2/dσ)2/(2Ω2)  1 for 2n < 1 and λ1 6= 0. The result of the R2 inflation is reproduced at the
steep limit 3(dΩ2/dσ)2/(2Ω2) 1 for λ1 = 0 and approximately estimated as
ns − 1 ∼ − 2
N
, r ∼ 12
N2
, αs ∼ − 2
N2
(24)
This steep limit solution corresponds to the α-attractor model with α = 1.
Here we derive the explicit expressions for the CMB fluctuations at the weak αg limit for n = 1. Taking the limit,
αg  1, the potential term in the action (7) and the Weyl factor (6) reduce to
U =
3αg(N
2
c − 1)
4piNc
[
µ2
G4r
σ2 +
4pi2
a
σ4
]
+O(α2g), (25)
Ω2 = 1 +
1
6
[
1 +
3αg(N
2
c − 1)
4piNc
(
1− ln
(
aNcµ
2
12piαg(N2c − 1)σ2
))]
σ2 +O(α2g). (26)
It should be noticed that the mass term is negligible and 3(dΩ2/dσ)2/(2Ω2) ∼ 1 for a large field configuration
σ  1. The potential term of the action (15) is simplified to
V =
U
Ω4
→ 108αg(N
2
c − 1)
aNc
(1− exp(−
√
1/3φ))2, (27)
for σ  1. Since a small σ part of the potential is essential to determine the end of the slow roll, the e-folding number
N cannot be directly estimated from (27). The large field ∆φ ≡ |φN − φend| ∼ O(10) in the gauged NJL inflation
allows to neglect the contribution from the end of the slow roll described by φend. In such an approximation the field
configuration at the horizon crossing is given by
φN ∼
√
3 ln
2N
3
. (28)
Substituting this configuration into Eqs. (18), (19) and (20) we obtain
ns − 1 ∼ − 2
N
, r ∼ 24
N2
, αs ∼ − 2
N2
, (29)
up to the leading order of the 1/N expansion. Recalling the predictions of α-attractor model (3), the results at the
weak-coupling limit correspond to the α-attractor model with α = 2. This means the gauged NJL inflation belongs
to the special class of the universal attractor model and is distinguishable from the Higgs type scalar inflation.
To clarify the attractor behavior of the CMB fluctuations we fix the model parameters, G4r, αg , Nc, Nf , Λ, µ
and numerically calculate the spectral index, ns, the running of the spectral index, αs, and the tensor-to-scalar ratio,
r. After the systematic study of each model parameter dependence of the CMB fluctuations, we observe that the
solution approaches the steep limit as the number of the fermion flavors Nf increases. The solution approaches the
weak-coupling limit as the gauge coupling αg decreases. We numerically show the typical attractor behavior.
In Fig. 1 we setG4r = 1010,Nc = 3, µ = 10−3 and plot theNf dependence of (ns, r) and (ns, αs) with varying
the number of fermion flavors Nf . Here we use the parameter, n. The gauge couploing αg is ditermined by Eq. (8).
The trajectories illustrated by the solid lines represent the Nf dependence for n = (0.75, 0.5, 0.25). The trajectories
start near the dotted line, the prediction by the φ4n chaotic inflation. It is observed that all trajectories approach the
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Fig. 1: TheNf dependence of (ns, r) and (ns, αs) forG4r = 1010,Nc = 3 and µ = 10−3. Each point on the solid lines shows the prediction
for Nf = (100, 101, · · · , 1014). The symbols 2, ?, and  denote the points in table 1. The dotted lines show the prediction by the φ4n
chaotic inflation with varing n.
point denoted by the symbol ? at the large-Nf limit. It should be noticed that the effective non-minimal curvature
coupling ζ1 in Eq. (12) becomes large, if we take a large number of flavor Nf . A similar behavior is observed in
the universal attractor models [7]. In the Higgs inflation model the solution approaches the same point at the strong
scalar-curvature coupling limit.
In Fig. 2 we illustrate the gauge coupling dependence of (ns, r) and (ns, αs) for G4r = 1010, Nc = 2 and
µ = 10−3. The solid lines show the attractor behavior in the gauged NJL model for Nf = (1, 104, 108, 1014). For
a strong coupling αg ∼ 1 the trajectories flow along the dotted line, the prediction by the φ4n chaotic inflation. The
tendency is remarkable for a small Nf . Then all the trajectories leave for the symbol  as αg decreases. First we
set a large Nf and then take the small αg limit, we observe the flow from ? to . It should be noticed that there is
no opposite direction flow from  to ?. The attractor indicated by the symbol  is characteristic for the gauged NJL
inflation which is distinguishable from the universal attractor model.
(0.960, 0.158)
(0.961, 0.0083)
(0.962, 0.0042)
Nf=104
Nf=1014
Nf=108
Nf=1
small αg
small αg
small αg
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Nf=104
Nf=1014
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small αg
Fig. 2: The αg dependence of (ns, r) and (ns, αs) forG4r = 1010,Nc = 2 and µ = 10−3. Each point on the solid lines shows the prediction
for αg = (1, 0.5, 0.1, 0.05, 0.01, 0.005). The symbols 2, ?, and  denote the points in table 1. The dotted lines show the prediction by
the φ4n chaotic inflation with varing n.
In table 1 we show the spectral index, ns, the running of the spectral index, αs, and the tensor-to-scalar ratio,
5
r, at the flat, the steep and the weak-coupling limit for N = 50. The flat limit solutions are well evaluated in the
leading order of the large-N limit. A finite contribution from φend makes some discrepancy between the numerical
and large-N results for the steep and the weak-coupling limit. The results at the steep and the weak-coupling limit
correspond to the α-attractor model with α = 1 and 2, respectively, and satisfy the observational constraints [1, 2].
Table 1: Fixed point for the CMB fluctuations for N = 50 in the gauged NJL model
ns r αs
Flat limit (2n < 1) 0.960 0.158 -0.00080
Large N Steep limit 0.960 0.0048 -0.00080
Weak coupling limit 0.960 0.0096 -0.00080
2 Flat limit (2n < 1) 0.960 0.158 -0.00078
Numerical ? Steep limit 0.962 0.0042 -0.00075
 Weak coupling limit 0.961 0.0083 -0.00076
4 Conclusion
We have studied the attractor behavior of ns, r, and αs in the gauged NJL inflation. Applying the auxiliary field
method and improving the action by the RG equation at the leading order of the 1/Nc expansion, we obtain effective
potential (7) with the Weyl factor (6). The effective action contains the mass, φ4n interaction, and the non-minimal
curvature coupling terms. We adopt the slow roll scenario of the chaotic inflation and calculate the spectral index,
ns, the running of the spectral index, αs, and the tensor-to-scalar ratio, r.
The effective curvature coupling ζ1 can play the role of the attractor parameter ξ in the ξ-attractor model. If we
take a large number of flavorsNf , the effective curvature coupling ζ1 becomes large. Hence the predictions of CMB
fluctuations approach the universal attractor at α = 1. If we take the weak-coupling limit, αg → 0, we observe an
alternative attractor behavior corresponding toα = 2 in theα-attractor model. The flows of the solution are presented
in Figs. 1 and 2. We observe a flow from the attractor at α = 1 to the one at α = 2 and the flow with the opposite
direction is not possible.
We often take the attractor parameter α to be unity because the large-curvature coupling requires to satisfy the
observed constraint for the power spectrum of the curvature perturbation. However, in the gauged NJL inflation,
the effective curvature coupling, ζ1 ∼ 1/6, satisfies the constraint. This means that we can construct the relevant
model corresponding to the α-attractor model with α = 2. Thus the gauged NJL inflation is comparable to the Higgs
inflation and has a specific attractor.
Although the present work is restricted to the analysis of the properties of the gauged NJL inflation, it points to
the a possibility to constrain the model parameters by observing physics at the early Universe.
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